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Abstract. Transport properties of the multicomponent gquantum many-body systems cbeying
Haldane’s fractional exclusion statistics are studied in one dimension. By computing the finite-
size spectrum under twisted boundary conditions, we explicitly express the conductivity and
conductance in terms of statistical interactions. Through this analysis, the effective charge and
efTective mass for collective excitations are determined. We apply the results for 1/r2 quantum
systems as well as for comrelated electron systems.

1. Introduction

In low-dimensional quanturn systems, excitations are described by quasiparticles carrying
fractional quantem numbezs. One of the well known examples is the fractional quantum
Hall effect (FQUE) [1], where quasiparticles are classified by the fractional charge and
statistics, In these theories, fractional quantum numbers arise from exchange properties of
the wavefunction, Recently, Haldane [2] proposed a new concept of fractional statistics
based on the state-counting of many-body systems, which is a generalization of the
Pauli exclusion principle. We will refer to this as fractional exclusion statistics. The
thermodynamic properties have already been investigated in detail [3-6]. For example,
Wu and Bernard {4] formulated thermodynamic equations, and showed that the statistical
interaction is related to the two-body phase shift for Bethe-ansatz solvable models. Their
method was generalized to multicomponent systems [6], and low-energy critical properties
were investigated. ) , .

in this paper, we study transport properties of muliticomponent quantum systems
with exclusion statistics in one dimension. Transport coefficients are closely related to
wavefunctions, and may usually be calculated in the Green function formalism. Since we
have only statistics between particles without explicit wavefunctions, it is not trivial to
study such properties directly from the definition of statistics [7]. We therefore use a trick
to avoid this difficulty. Namely, by applying the idea of twisted boundary conditions for the
finite-size spectrum, we calculate the conductivity and the conductance in terms of statistical
interactions. We then determine the effective charge and the effective mass, and show how
these quantities are related to the exclusion statistics.

After a brief introduction of exclusion statistics in section 2, we compute the finite-size
corrections due to the vector potential for multicomponent quantum systems in section 3. In
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section 4 we then obtain the conductivity and the conductance, and determine the effective
charge and the effective mass. In section 5 we apply the results for several interesting
quantum systems. Section 6 is devoted to a summary and discussions,

2. Exclusion statistics

Let us start with a brief introduction for fundamental properties of exclusion statistics [2, 4].
It is based on counting the change of the dimension of the one-particle Hilbert space when
a particle is added to the system, which is explicitly formulated as

8Dy (ky)
3N (k})

where Dy(ky) and N, (k) are, roughly speaking, the numbers of unoccupied (hole) and
occupied (particle) states specified by the internal quantem numbers & = (1,2,..., M)
and corresponding momenta k.. The matrix g.s, which is called the statistical interaction,
describes the correlation effects between particles. See [2] for a more rigorous definition.
The simple cases goplks — Kj) = 88updi,k, With g = 1 and g = 0 comespond to free
fermions and free bosons, respectively, and for the general fractional value g, we call it
ideal fractional exclusion statistics.

The statistical interactions should be independent of N, [2], and hence equation (2.1)
results in

= —guplhe — k) = — {8l (ke — k) + Bupdiciy) @1)

Dytke) =~y gaplhe — K5I Np (ki) + DY (k). 2.2)
B,

We assume that the integral constants are given by D%(k,) = D%, or D° which are
referred to as hierarchical and symmetric bases, respectively. Such bases were originally
used for a classification of the FQHE [8,9]. Also, in one-dimensional quantum systems the
hierarchical basis serves as a natural basis for the Bethe-ansatz solution [10].

In the thermodynamic limit, we introduce the disiribution functions for particles and
holes:

No (ks Dy (ke
palhy = el g = Do) )

where D? is proportional to the system size L such that D® = L /2% under periodic boundary
conditions [4]. The bare charge for each elementary excitation is defined by (6]

fe = g—‘g. 2.4)
Consequently, equation (2.2) can be written as

pul) + 7k =10 = 3 [~ at gigtta = pestiy 2.5)
The energy of the system is assumed to take the form [4]:

e= 15 = > / : k€ e ) 26)

with the bare energy function €J(k). Note that many-body effects due to the exclusion
statistics are incorporated in the distribution function p(k).
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The thermodynamic equations are generally obtained in a set of coupled nonlinear
equations at finite temperaturesi. Here we restrict ourselves to the zero-temperature case
which is sufficient for the following calculation. At zero temperature without external fields,
M species of elementary excitations are specified by the dressed energy function e, (k).
The ‘Fermi level’ @, for each excitation is determined by the conditions, €,(k,) < O for
lky| < Qn and €,(k,) > O for |ky| > Q4. provided that the energy dispersion may be
symmetric around the origin &, = 0. Equation (2.5) then reduces to the following integral
equations supplemented by those for the dressed energy &,:

Qs
puth) ==Y [ 4 giglh ~ K330 05) @)
7 Y05

0 - 2 b ' ’
Corlhe) = €Q0ke) — pita — 3 o, b 8y — Ke)e (). (2.8)
g Y-
The total energy is now expressed by the dressed energy as
Qu
£=) &, +pne By =1ty f dk, €q (k) 2.9)
o ~a

where z is the chemical potential and n, 1s the density of charged particles. These equations
can describe the static properties at zero temperature.

3. Finite-size corrections due to staﬁc vector potentiél

‘We now turn to the computation of the conductivity in pure systems without randomness,
which can be calculated with the response to the vector patential, Consider the ring system
at T = 0 threaded by the magnetic flux, which gives rise to a static vector potential
along the ring [11]. The effect of the vector potential is incorporated in twisted boundary
conditions [12,13]. Therefore, the energy increment quadratically proportional to A can be
calculated through the analysis of the finite-size spectrum, which directly gives the charge
stiffness and hence the conductivity. By observing that the basic equations (2.7) and (2.8)
have the same structure as the Bethe-ansatz equations, we can apply the elegant techniques
of the dressed charge matrix developed for integrable models [14], and generalize the
calculation of the conductivity [12, 13] to multicomponent cases.

Before proceeding with the finite-size corrections, we give here a formal solution to
(2.7) in the absence of external fields, which is necessary for the following discussions. To
this end, let us first introduce the functions [14, 15]

Qy :
Kplha =) = giptha i) = 1 [ A gl — )~ ) 3.1)
y Y0

Qr y LA, 4 i
Zap(ks) =8ap — ) f , dK,, Zay (K, )8} k), — kg) (3.2)
y vy

-1 The thermodynamics of systems with exclusion statistics can be formulated by the methad proposed in [4], and
a multioumponent generalization can be found in [6]). A key idea is to introduce the entropy § = In W with

(Do + Ny — 1)1
W= l_I Nu‘(Dm"n'

which plausibly interpolates the boson and fermion cases [2,4]. Note that if we choose gop for free fermions and
bosons, p in (2.3) reduces to the Fermi and Bose distribution functions.
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where Z,g is called the dressed charge matrix [14]. By noting the relation

X

Qa
Zaplhp) = bop = [ K, Kaplla =) (33)

we can formally write down the distribution function in terms of the dressed charge matrix
as

palka) = Y 3 Zpalka). (3.4)
g .

We now evaluate finite-size corrections to the total energy due to the vector potential,
which are the same as those for twisted boundary conditions [12, 13]. First, by observing
that the effect of the static vector potential A is to shift the momentum by the amount &,
proportional to A (in units of ¢), the basic equations should read '

ﬁ+ 4 ' Iy o=~ ?
Aolk) =5 =3 f . 3ty gLgllc ~ ) E)) (35)
Op+3p
Ga+ia
Eulhy) =€ (kot) = fhig = Z[ 5 dk:?, 8;5;1(;5;; - ka)gﬂ(k’ﬁ) (3.6
2a+aa
Q¢+8€{
=Y f Ay k)Pl = 3 B + e (3.7)
= b o
where
Ot
B o=t f dk, 2(k,). (3.8)
"‘Qa""am

It should be noted that the vector potential not only shifts the momentum uniformly, but
can also rearrange in general the distribution of the momentum via interactions between
particles. For clarity, we indicate rearranged quantities by a tilde,

Let us compute the corrections to the total energy (3.7). By differentiating equation (3.6}
with respect to §, we have

€y (ka)

35 =0 3.9

&=0

by using the conditional equation for the ‘Fermi level’, ¢,{(Q,) = 0. By differentiating
again, we have

2~a ka ' / !
Paladl o (05 @5 — ka) + gha(~ 05 — ke)losy

33598, |sp
Qv 8%, (k)

- ak’ ' (k r

32 [ g 8 st =0 55

which can be solved formally by the iteration scheme, resulting in

9*Eu (ka)
8833y |50

= —€5(0p){Kpa(Qp ~ ko) + Kpa(—0Qp — ka)}opy (3.10)
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where the prime in ¢, stands for the derivative with respect to k,. In what follows, we
assume the relation geg (ke — kg) = gﬁa(kg — k). Using these results, we have

8,
FY - @.11
L7 P i )
378, , Qe
85586], , O—Iaeﬁ(Qﬁ) [2541 -/;Q« dka {Kﬁa(gﬁ_kw)'FKﬁa(“—Qﬁ —ka)}:l 815}/
3.12)
= 2a65(0p) Zappy (3.13)

where Z,p = Z,5(0Qp) is the dressed charge matrix defined in (3.2). Therefore, we obtain
the finite size correction-Ag = 7 — ¢ die to the small shift of &, as

=Y 12(EVZNuptpdpd, (3.14)
aB
where Vg = vedy, and v, is the Fermi velocity defined by v, = ¢, (Q,,)/pu(Qa} To
derive the second line, we have used equations (3.4} and (3.13).

The remaining task is to determine the relation between 3, and A. The result is quite
simple (see equation (3.23})), but still non-trivial, which depends on types of external fields.
Here we briefly depict how to obtain this relation in a rather general way [15]. For this
purpose, let us first introduce

& - ke
W = [ @) Rtk = JRETEC (3.15)
by
Guglha — k) = f dk ggk — k). 7 (3.16)
When A =0, equation {2.7) is integrated as
fa(ke) = toky —Z [ dky Gep(ka — ko (kp)- (3.17)

Note that the first term on the nght—hand side is regarded as a bare momentum of the system,
which can be written as pd = t,&,. In the presence of the vector potential, the momentum
is shifted as p° — pY — At,. Then equation (3.17) is modified to

Op+8y

Talka) +dy = taky =Y f oed dk; Gaplke — kp)fp(ky) (3.18)
TXpTOs

where we denote d, = Az,. Note that the following calculation can also be applied for
other types of external fields if we suitably take d,, different from A#,. Now introduce
ko = ko(ky) such that iq(ks) = iy(ks), then we find £,(Q,) = Qx + 6, and

P (ka)dkw = .Da (ka) dka’ - ' (3 1 9)

- By the use of these relations, we can change the integral variables into k. in (3.18). By
subtracting both sides of (3.17) from (3.18) and expanding Gug(ks — k5) up to first order

in (k — k), we get
. Qﬂ ’ ' '
Fatie) =do = Y | T ROEALICS (3.20)
g v-bks
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where F, is defined by [15]

Fylky) = Uka — ko) Per (k). (3.21)
The formal solution to (3.20) is given by
Folke) = Y dpZpalka). (3.22)
B

As is stressed above, this formula is valid for arbitrary types of 4. By explicitly substituting
dy = Aty, and comparing (3.21) and (3.22) by the use of (3.4), we get the simple relation

by —hy=A =25, (3.23)

namely that momentum shifts oceur not only for the charge sector but for all indices o.
Consequently, by combining (3.14) and (3.23), we end up with the final formula for the
energy increment as

Ae = 1 (EVED)up15A%, ' (3.24)
af

This completes the calculation of finite-size corrections due to the static vector potentiai,

4, Transport coefficients, effective charge and mass

4.1. Conductivity

According to equation (3.24) for the response to the external vector potential, we can obtain
the charge stiffness as

De=Y t.(ZVE )uptp. (4.1)
of
An important point is that D, is directly related to the conductivity through the relation
Reo (w) = e2DS5(w) at w="0 (4.2)

according to the linear response theory [11,12].

In much of the literature up to now, correlation effects on D, have been considered to
modify only the effective transport mass m* [11-13]. However, the transport mass is not
sufficient to describe the correlation effects on transport properties, because quasiparticles
such as holons in one dimension can carry not only the effective mass but also the effective
charge. Therefore, in place of the ordinary interpretation [12, 13], we propose the following
natural expression for the conductivity in terms of the effective charge ¢* and effective mass
m":

zee*n
Reo(w) = ¢

§(w) at w=0 (4.3)
m*
where 2, is the density of charged particles. The charge stiffness calculated in (4.1) is then
related to D, such that
Do = _ ' (4.4)
m
So, the charge stiffness (or conductivity) is not sufficient to derive the effective charge and
mass, and another quantity is necessary to determine them. We will show that the effective
charge can be derived from the conductance.
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4.2. Conductance

It s known that the fractional charge enters in the conductance for the finite system in one
dimension. Although it is not easy to calculate the conductance without wavefunctions,
we can compute it by taking into account a universal property of Luttinger liquids, i.e. the
conductance is determined solely by the correlation exponent for the charge sector. To this
end, we first define the critical exponent for the charge density correlation function in the
asymptotic region:

{p(x)p () ~ exp(2ik{x)x 2Mf @5)

where ki(:c) = mn, is the ‘Fermi momentum’ for the charge sector, and is usually given
by kl(_-c) = Mk in terms of the ordinary Fermi momentum kp. The correlation exponent
f. is a function of statistical interactions, which is normalized to reproduce f, = 1 for
non-interacting systems. An important point is that the conductance G can be determined
by f. universally [16]:

2
G. = M% fe. ’ (4.6)

This formula can be deduced by observing that the conductance is controlled only by the
charge degrees of freedomi. Renormalizing e by f; such that G, = Mee*/h, we can
naturally define the effective charge as

e = fre. - 4.7

Therefore the remaining task is to obtain the critical exponent f. in terms of statistical
interactions. Following a path similar to that in the the last section, we can derive the
exponent f, through conformal-field-theory analysis of the finite-size spectrum which has
already been computed in [6]. We thus obtain the renormalizarion factor for the fractional

charge
T .
fo= 17 3 1l EZ gty {4.8)
of

in terms of statistical interactions which are implicitly incorporated in the dressed charge
matrix. By applying the above formulae to (4.4), we can also extract the effective transport
mass m*, which turns out to be inversely proportional to the velocity v. The expressions
(4.1), {4.4),(4.7), (4.8) are the main results of this paper.

One can see that the effective charge is determined solely by the statistical interactions,
whereas the effective mass also depends on non-universal quantities such as the velocity.
We wish to emphasize that the formula for the fractional charge (4.7) with (4.8) is universal,
which holds generally for multicomponent Luttinger liquids.

5. Applications

5.1, Ideal fractional exclusion statistics

Oune of the most remarkable applications of exclusion statistics is that for the ideal case, in
which the statistical interaction is given in a simple form [2-6],

8ap (ke — k) = Gopblha — Kp). (5.1)

t The exponent g without randomness in [16] comresponds to f; in this paper,
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This model is known to have a close relationship to interesting quantum systems such as
the FQUE, 1/r? systems, etc.

If we take a bare dispersion as €S(k) = €®(k)1, with (k) = %*/2, the ground-state
configuration is Q1 = Qs =--- = Qu = @, and the distribution functions are obtained as

Pa = Z G- (5.2)

The number of charged particles is
re=20v  v=> 1,67 (53)
af

where the quantity v is related to the compressibility as x, = 4v?/n,, which is a one-
dimensional analogne of the filling factor in the FQHE. In the present model, the Fermi

velocities for each excitation take the same values
e
= =er MUY =S V= —. 54
v M 7 (5.4
As shown in the appendix, one finds a simple relation between the dressed charge and the

statistical interaction, namely
Z2zZT =G\ (5.5)

Conseqguently, the renormalization factor (4.8) for the fractional charge e¢*/e¢ = f. is
expressed as

fo== Zta(G Depts. (5.6)

It should be noted that the fractional charge is now exphcltly obtained only in terms of the
statistical parameters Gqg for exclusion statistics. Since the charge stiffness is given by
D, = n./2, the enhancement factor for the transport mass in this case is derived as

m*fm = fo (5.7

from which one can see that the enhancement of m* exactly cancels the renormalization of
charge €*, in accordance with the translational symmetry.

Let us now discuss more concrete models for ideal exclusion statistics. For an instructive
example, we consider the statistical-interaction matrix G in a hierarchical basis, which is
derived from the continuum 1/7% model [17] with SU (M) symmetry [18, 19]. This model
is also related to a fundamental series for the hierarchical FQHE [8,20,21]. The M x M
matrix for statistical interactions in this case reads

2n+1 -1 O
-1 2 -1 0
G = . (5.8)
0 -1 2 -1
0 -1 2
From (3.3) we have
1 M J
v = =2 59
2n41— 1 2Mn+1 g



Multicomponent systems with fractional exclusion statistics 6035

which-corresponds to the filling factor in the case of the FQHE. Observing this, we see that
the matrix G in this model plays a role similar to the flux attachment in Jain’s model for
the FQHE [22]: ‘

G <« xuxt (5.10)

where ¥ is the IQH state with the filling factor M, which is attached by 2n flux quanta
xlz". In fact, one can find the same matrix as (5.8) in the classification scheme in the
corresponding Abelian Chern—Simons theory for the FQHE [8, 9,20, 211. Therefore it can be
seen that the ST (M) 1/r? model bears a close relationship to the hierarchical FQHE with
v=M/(2Mn 1),

According to equations (5.6} and (5.7), it turns out that the effective charge and mass
are given by taking T = (1,0,---,0)

. e e
_ .t 5.11

¢ ZMn+1 g ( )
* i e (5.12)

T Marl g |
Note that the expression for the effective charge (5.11) is actually in accordance with that for
the FQHE. In particular, for the one-component case G = g, we have e*fe =m™/m = 1/g.
Note that for free systems, i.e. # = 0, we have ¢*/e = m*/m = 1.

5.2. Correlated electron systems

1t is also instructive to apply the results to one-dimensional correlated electron systems. In
order to fully describe interacting electron systems in the whole energy range, it is necessary
to consider statistical interactions that depend on the momentum in a complicated way [23].
However, if we restrict ourselves to the low-energy conformal limit, we can still use the idea
of ideal exclusion statistics. In such a low-energy region, the critical behaviour is described
by the Luttinger liquid theory, in other words, by ¢ = 1 conformal field theory. In this case,
we can introduce the 2 x 2 matrix G,g for the ideal statistics in (5.1) in terms of Luttinger
liquid parameters. Since this model has two kinds of elementary excitations, i.e. spinon and
holen, which have two different velocities, vs and v, we can choose the hierarchical basis
as a natural one. By analysing exactly solved models or Tomonaga-Luttinger models, the
matrix for statistical interaction can be deduced as [6)]

K+l

G= 2K, _ (5.13)
—1 2

where K, = 22 /2 is the critical exponent for the 4kg oscillation piece in the density
correlation function. Note that Gy; is related to the charge degrees of freedom, Gas to the
spin degrees of freedom, and the off-diagonal elements are regarded as mutual statistics. It
is to be emphasized here that equation (5.13) is the universal formula for correlated electron

systems.
According to (4.7), the effective charge is given by substituting £7 = (1, 0)

e*le=K, (5.14)

which reproduces the known results for the condugtance in Luttinger liquids [16]. Also,
from (4.1), the charge stiffness is found to be

D, =2u.K, (5.15)
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from which we obtain the effective mass using (4.4) as
m*/m = vp/v,. (5.16)

where v is the Fermi velocity for non-interacting electrons.

For exactly solvable electron models such as the Hubbard model and the supersymmetric
t—J maodel, the critical exponent K, and the velocity of holons were calculated exactly
as functions of the interaction and the electron density [24-26]. So, we can discuss the
effective charge and mass for these models. As for the Hubbard model, X, decreases from
1to % as the Coulomb interaction is increased [26], hence the effective charge decreases
with the increase of the interaction, as stressed by Ogata and Fukuyama [16]. Near half
filling, the effective charge always takes /2 as far as the Coulomb interaction exists. In
the case of the supersymmetric 7~J model [24,25], the effective charge is ¢/2 near half
filling, but as the electron density decreases, it continuously increases and reaches the non-
interacting value ¢* = ¢ in the low density limit. Also, we can discuss the effective mass
for electron systems. The results are essentially the same as those discussed previously [13]:
the effective mass has a divergence property near half filling both for the Hubbard model
and the supersymmetric t—J model, reflecting the metal-insulator transition.

6. Summary and discussions

In summary, we have obtained the transport coefficients, effective charge and effective mass
for multicomponent quantum systems obeying fractional exclusion statistics. Their explicit
relation to the statistical interaction has been derived in equations (4.1)—(4.8) for general
systems obeying (2.1). ‘We have applied the results for the cases with ideal statistics as well
as for the conformal limit of electron systems. It has also been pointed out that the statistical
interaction derived from SU(N) 1/r% models is closely related to Jain’s construction (or
the corresponding Chern—Simons theory) for the hierarchical FQHE.

It is instructive to note that the effective charge in the ideal case is expressed in an
extremely simple form (5.6) or (5.11) in terms of the statistical interaction Ggp, implying
that the fractional charge in the ideal case directly reflects the fractional statistics. In
fact, we find an alternative way of deriving (5.11) using only the definition of fractional
exclusion statistics. We briefly summarize how to get them intuitively. In the ideal case,
the definition (2.1) reads

an, ‘
552:; =Gy at ky = kg. (6.1)
Now imagine the ground-state configuration and make a hole to excite the system. The
above equation implies that if we make a §-hole, the number of a-particles decreases by an
amount G;‘;. Then, how many charged particles decrease in all? The answer is Y, taG;;.
Now make a hole at a sector a, ie. t7 = (0,...,1,0,...,0) in the hierarchical basis.
This corresponds to 7 = (0,...,1,1,...,1) in the symmetric basis, which may create
M + 1 — « holes of electrons. Therefore, making a hole with unit charge corresponds to
removing particles with the charge

zy d )

- 2
¢ M-i-l—aﬁGﬂ‘” _(6)

which in turn defines the effective charge of the excitation. If we adopt G in (5.8), then we
have

e fe=1/q (63)
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where g is defined in (5.9). This result coincides with (5.11).

Finally, another remark is in order. In section 3, we have defined the effective charge
(4.7} apart from the trivial degeneracy M. However, it may be possible to include such a
factor in the definition of the charge. In this definition, equations (5.6), (5.11),(5.12) are
modified by the factor M, and equation (6.2) should be replaced by

G=ey Gau (6.4)
8
and therefore, equation (6.3) is modified as
Efe={M+1-a)/g {6.5)

i.e. explicitly, p/g, (p—1)/q, ..., 1/g. This definition for the fractional charge comresponds
to that used in [8,9]. - . .
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Appendix

In the case of ideal exclusion statistics, there exists a simpler way of deriving equation (5.5)
without calculating the dressed charge (3.2). We briefly depict this convenient method
below. Consider the present system without external fields. Then there are two kinds of
elementary excitation, i.e. excitation which changes the number of particles, and that which
carries the large momentum. Following the techniques of the dressed charge matrix [14],
the excitation spectrum was explicitly evaluated in [6] as

As = W/AMT(ZZY 'n+ odT(22T)d

where the vectors n and d denote the quantum numbers for excitations, labelling the change
of particle number and the momentum transfer, respectively. Note that the excitation which
we seek in (3.24) comesponds to the excitation specified by d. From the above formula,
one can see that these two kinds of excitations are related to each other refiecting modular
invariance. So, we can easily deduce the excitations for the d-sector once we can calculate
those for the n-sector. The calculation for the latter excitation is much simpler than the
former. Let us then calculate the latter by changing O, — @, + AQ,. Then both n, and
Ag are given by functions of AQ,, and a simple calculation gives Ae as a function of n,
such that As = (v/4)n" Gn. Comparing these results, we end up with equation (5.6).
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